We show the existence of exponentially growing finite energy solutions for the charged Klein-Gordon equation on the De Sitter-Kerr-Newman metric for small charge and mass of the field and small angular momentum of the black hole. The mechanism behind is that the zero resonance that exists for zero charge, mass and angular momentum moves into the upper half plane.
Introduction
In this note we show the existence of exponentially growing modes for the massive charged Klein-Gordon equation on the De Sitter-Kerr-Newman metric when the product of the charge of the black hole and the charge of the particle is small, and the angular momentum of the black hole and the mass of the field are small with respect to the charge product. The cosmological constant is also supposed to be small. A calculation with physical constants shows that this smallness assumption is fulfilled for physical slowly rotating black holes. A natural global energy associated to the charged Klein-Gordon equation on the De Sitter-Kerr-Newman exterior is finite, but exponentially growing. The origin of the growing mode is the strong coupling of the charges (with respect to the mass of the field) for non-rotating charged black holes i.e. on the De Sitter-Reissner-Nordström metric, and the mode still exists for slowly-rotating backgrounds. This is in contrast to the case when the charge product is small with respect to the mass, in which no exponentially growing mode exists, see [Be] . In the latter case the system can be understood as a small perturbation of the massive Klein-Gordon equation for which there exists a resonance free region Im σ > −δ, δ > 0. For small perturbations no resonance can move up to the real axis. In contrast to the Klein-Gordon equation, the wave equation has a zero resonance, see [BoHa] . The present setting is a perturbation of this case. It turns out that for small perturbations the zero resonance moves into the upper half plane if the cosmological constant is small enough as shown in this paper. Note that this is different from the wave equation on the De Sitter-Kerr metric which can also be considered as a perturbation of the De Sitter-Schwarzschild case, but for which the zero resonance persists, see [Dy] . Our results are consistent with the numerical results of [CCDHJ] . Existence of exponentially growing modes is known for the Klein-Gordon equation on the Kerr metric for certain masses, see [SR] . We also refer to [Mosch] for similar results for the wave equation with an additional potential.
the main result of this paper is essentially contained in the non-rotating case i.e. for the De Sitter-Reissner-Nordström metric. The question of growing modes for hyperbolic equations on black hole type backgrounds is usually very much linked to the question of stability of this background itself as a solution of the Einstein equations. In the present case the instability comes from the charge of the particle which is not relevant for the stability question for the Einstein-Maxwell system. In particular the De Sitter-Kerr-Newman solution is known to be stable as a solution of the Einstein-Maxwell system with positive cosmological constant and a small angular momentum, see [Hi] . Our result nevertheless suggests a possible instability of the coupled Einstein-Maxwell-charged scalar field system.
There exists a huge literature concerning dispersive estimates for hyperbolic equations on black hole type spacetimes linked to the stability question, see [HiVa] for the stability of the De Sitter-Kerr black hole for small angular momentum, [KlSz] for the stability of the Schwarzschild black hole under polarized perturbations as well as references therein for an overview.
We first formulate and show our result only for the De Sitter-Reissner-Nordström black hole. This is technically easier and all central arguments are already contained in this part. The existence of an exponentially growing mode is then stable with respect to a small perturbation of the spacetime and thus holds for the De Sitter-Kerr-Newman spacetime if the angular momentum is small with respect to the charge product. The decomposition we use for our perturbation arguments is inspired from [HHV] .
The paper is organized as follows. In Section 2 we recall some essential features of the De Sitter-Reissner-Nordström solution. In Section 3 we recall the Fredholm framework which goes essentially back to [Va] and formulate the main result in the De Sitter-Reissner-Nordström case. Section 4 is devoted to the proof of the main theorem. Finally, we extend our result to the rotating case in Section 5. and Λ sufficiently small such that
Λr 2 3 has four real roots r n < 0 < r c < r − < r + , and is positive on (r − , r + ) and that µ r 2 has a single non degenerate maximum on (r − , r + ), see [Hi, Proposition 3.2] and [Mo, Proposition 1] . Note that for Q = 0 the assumption is fulfilled for 9ΛM 2 < 1. The (exterior) De Sitter-Reissner-Nordström spacetime is the Lorentzian manifold (M, g) with
where dω 2 is the standard metric on the unit sphere S 2 . We want to consider a charged scalar field on this spacetime with charge q ∈ R. Let
Note that A comes from the Maxwell equation as the vector potential of the Coulomb solution.
Then the charged wave operator on (M, g) is
and the corresponding charged Klein-Gordon equation reads
where m > 0 is the mass of the particle.
Let r ∈ (r − , r + ) be the unique non-degenerate maximum of µ in (r − , r + ) (see [Hi, Section 3] for the existence and uniqueness) and put c 2 := µ(r) −1/2 . We define a function T ∈ C ∞ ((r − , r + )) such that
By [Hi, Lemma 3 .3] the metric and its inverse read in the coordinates (t * , r, ω) ∈ R × (r − − η 0 , r + + η 0 ) × S 2 with η 0 > 0 small,
where e S 2 is dual to dω 2 . Observe that the coordinate transformation turns the electromagnetic potential A to
Notice that A r is singular at r ± . The charged Klein-Gordon operator now becomes:
We then observe that the charged Klein-Gordon equation is gauge invariant and that d Qν µr dr = 0. Thus, if u is a solution to the charged Klein-Gordon equation with the above electromagnetic potential, then e −iR u with R ′ (r) = Qν µr is a solution of the Klein-Gordon equation with the (smooth) electromagnetic potential A ′ = Q r dt * . This is equivalent to conjugating ✚g + m 2 with e −iR . We have:
Note that the operator is in particular conjugated by r. We denote byP (σ, s, m) the Fourier transformed operator, i.e.
Main result
3.1. Function spaces. We choose η 0 > 0 sufficiently small such that µ has no root on
be the Sobolev space of order γ consisting of extendible distributions. We also put
Observe that X γ does not depend on σ, s and m. We have indeed:
We denote by f, g = 1 4π Yf gdrdω the inner product on L 2 (Y ; drdω). We then have (see [Hi, Theorem 4 .1]):
is a holomorphic family of Fredholm operators. The inverse exists for Im σ large enough. In particular the index is 0 for all Im σ > −α.
We fix γ > 5/2 in the following.
3.2. Main Theorem. The main result of this note is the following one :
2 . There exists Λ 0 > 0 such that for all Λ ∈ (0, Λ 0 ) there exists a constant c 0 (Λ) > 0 such that the following holds. Suppose m 2 ≤ c 0 (Λ)q 2 . Then for |q| > 0 sufficiently small, there exists σ ∈ C with Im σ ≥ c 1 q 2 > 0 such that
(i) There exists s 0 > 0 such that for all |s| ≤ s 0 and all ℓ ≥ 1,
This can be shown in the same way as in [Be] . (ii) The condition on the size of Λ can be made more explicit. It is for example sufficient that
, which is clearly fulfilled for Λ small enough (r + → ∞ and r − remains bounded when Λ → 0). We refer to Subsection 4.4 for details.
(iii) We expect that no such growing modes exist for large values of Λ. However for all physically realistic black holes, the conditions in (ii) are fulfilled. We refer to Remark 4.5 for details.
3.3. Finite energy. Let u ∈ KerP (σ, s, m)∩Ker(∆ S 2 ω ). The function v(t * , r) = e −iR r e −iσt * u(r) solves ✚g + m 2 v = 0. Natural energies associated to the t * foliation are finite, but exponentially growing in t * , e.g.
1 . It is also interesting to go back to the Boyer-Lindquist coordinates and the original gauge. We find
The natural conserved energies associated to solutions of the charged Klein-Gordon equa-
for all l ∈ R; we can check that none of them is positive. Here (., .) is the scalar product in L 2 (r − , r + ) × S 2 ; dr µ dω . Following [GGH] and [Be] , we associate to the constructed solution v = e −iσt w the positive global energẏ
which is finite but exponentially growing in time. Note that the energyĖ is conserved for s = 0.
Remark 3.4. In the Boyer Lindquist picture we can apply directly [GGH, Proposition 3.6] to see that all possible eigenvalues σ with Im σ > 0 have to lie in the discD(0, |s| V ∞ ).
Perturbation theory
We will decompose the function spaces with respect to the kernel and cokernel ofP (0, 0, 0). 4.1. Kernel and cokernel ofP (0, 0, 0).
Proof. SupposeP ℓ (0, 0, 0)u ℓ = 0. We multiply byū ℓ and integrate by parts over [r − , r + ]:
It follows u ≡ 0 on [r − , r + ]. We can then apply [Zw, Lemma 1] to conclude.
Lemma 4.2. We have KerP (0, 0, 0) = Cr := K, KerP * (0, 0, 0) = Cr * := K * , r * = 1 (r − ,r + ) (r)r.
Proof. By Lemma 4.1, we know that elements u of the kernel satisfy −∆ S 2 ω u = 0. Integration ofP (0, 0, 0)u = 0 over [r 0 , r] for some r 0 ∈ (r − , r + ) gives
with integration constants c 1 , c 2 . Thus c 1 = 0 because the first term on the R.H.S. above is not continuous at r = r ± for c 1 = 0, so that the kernel is Cr. By the index 0 property, the dimension of the kernel ofP * (0, 0, 0) is also 1, we therefore only have to check that r * ∈ KerP * (0, 0, 0). For all u ∈ X γ , we find
This completes the proof.
Decomposition.
Recall that X γ is independent of σ, s and m. We decompose Note thatP 00 (σ, s, m) is invertible for (σ, s, m) in a small neighborhood of (0, 0, 0). This follows from the fact that (σ, s, m) →P 00 (σ, s, m) is an analytic family of operators and that P 00 (0, 0, 0) is invertible. We then obtain
Conversely ifP 11 −P 10P −1 00P 01 = 0 thenP (σ, s, m) has a non trivial kernel and an element of the kernel is given by (−P −1 00P 01 r, r) ∈ K ⊥ ⊕ K. We will write in the following m 2 = s 2 m 2 0 .
4.3. Computation of P.
4.3.1. Computation ofP 11 . We have r * ,P (σ, s, m)r = r * ,P (σ, s, 0)r + s 2 m 2 0 r * , r .
We then compute:
Let us compute the different terms:
Computation ofP 10P
−1 00P 01 . Let
We will assume that σ = −sσ + O(s 2 ). We first consider the operatorP 10 : K ⊥ → R ⊥ . Let f ∈ K ⊥ ; we have:
We next consider the operatorP 01 : K → R. Let f ∈ R. We find in the same way f,P (σ, s, m)r = O(|s|).
Lemma 4.3. We have Sr ∈ R.
Proof. We compute
This completes the proof. 
Computation of the roots. Let
Then (4.1) writes σ 2 + Aσ + B = 0. We have the roots
and are mainly interested in
The root σ − is a perturbation of σ = −i 3(r 2 + +r 2 − ) c 2 (r 3 + −r 3 − ) and is thus expected to stay in the lower half plane for small perturbations. We compute
Thus
We are interested in the sign of Im σ + . We therefore compute
Putting all together we find
4.4.2. Computation of r * , SP −1 (0, 0, 0)Sr . We consider the equationP (0, 0, 0)f = Sr:
Multiplying by −r then integrating over (r − , r) for some r ∈ (r − , r + ) yields
Notice that we can indifferently use the value at r − or r + for the right-hand side cf. the proof of Lemma 4.3. It follows
which is smooth at r ± as µ(r) = (r − r ± )g(r) where g is smooth and does not vanish at r ± .
We eventually obtain
.
Using that ν(r) 2 = 1 − µc 2 , we can write
We may notice here that Σ(r + ) 2 − Σ(r − ) 2 = 0 (because ν(r − ) = 1 = −ν(r + )).
The second term on the right-hand side of (4.3) can be directly integrated:
. 4.4.3. Sign of the imaginary part. Recall from (4.2) the explicit form of σ + . It follows that
where F (r) :=σ 2 r 4 − r 4 − − 2σ r 3 − r 3 − + r 2 − r 2 − . We have the following factorization for F (r) :
Writing µ(r) = Λ 3r 2 (r − r − )(r + − r)(r − r n )(r − r c ). Let β = r + −r − r + +r − . Note that βr + < r + and that r − < βr + if and only if (4.4) r 2 + − 2r + r − − r 2 − > 0. We will suppose (4.4) in the following. We then have :
An explicit calculation gives
Thus if we suppose (4.4) and
, (4.6) then (4.7)
Im σ + ≥ C 1 s 2 , C 1 > 0 uniformly in |s| ≤ s 0 for s 0 small enough. Noting that in the limit Λ → 0, r + → ∞ whereas r − stays in a bounded domain, so that for Λ sufficiently small (4.4) and (4.5) hold. We fix Λ > 0 small enough and m 0 > 0 as in (4.6) in the following.
Remark 4.5.
(i) If (4.8) r 2 + − 2r + r − − r 2 − < 0, then we have βr + < r − and the function F is negative on (r − , r + ). σ + has in this case negative imaginary part for s small enough. We then expect that all modes have negative imaginary part for s small enough. (4.8) is fulfilled near extremal black holes for 9ΛM 2 close to 1 and Q close to zero. (ii) Planck's latest value for the cosmological constant [PC] is Λ = 1.106 10 −52 m −2 . Replacing M and Q in natural units by respectively GM/c 2 and Q(G/4πε 0 ) 1/2 with G = 6.674 10 −11 m 3 .kg −1 .s −2 the gravitational constant, c = 2.998 10 8 m.s −1 the speed of light in vacuum and ε 0 = 8.854 10 −12 F.m −1 the vacuum permittivity, numerical computations give r 4 + + r 4 − − 26r 2 + r 2 − > 7.357 10 104 m 4 , r 2 + − 2r + r − − r 2 − > 2.714 10 52 m 2 for black hole masses ranging from 0 to 1.31 10 41 kg, the mass of the heaviest known black hole TON 618 ( cf. [CCFMNOS] ), and electric charges |Q| ≤ 3GM 2 √ 2c 2 . Therefore our conditions are fulfilled in physical realistic cases.
4.5.
Proof of the main theorem. Let σ ∈ ∂D(σ + , C 1 2 s 2 ) ⊂ {σ ∈ C : Im σ > 0}, where C 1 is as in (4.7). We then have
On the other hand by the computations in the previous subsections we have
The existence of a zero of P(σ, s, m) in D(σ + , C 1 2 s 2 ) then follows from the Rouché theorem for s small enough. All the arguments in the proof work for the operators restricted to Ker∆ S 2 ω . There is therefore an element in KerP (σ, s, m) that lies also in Ker∆ S 2 ω for some σ with Im σ ≥ c 1 s 2 > 0. This completes the proof.
Growing modes on the De Sitter-Kerr-Newman metric
We extend in this last section Theorem 3.2 to the De Sitter-Kerr-Newman metric. Let µ a (r) := (r 2 + a 2 ) 1 − Λr 2 3 − 2M r + 1 + Λa 2 3 2 Q 2
As µ a = r 2 µ + O(a 2 ), there exists a 1 > 0 such that µ a still has two largest positive roots r −,a < r +,a for a ∈ (−a 1 , a 1 ). Note that r ±,a are close to r ± for |a| small. On M a = R t × (r −,a , r +,a ) r × S 2 θ,φ we define
where λ = Λa 2 3 , κ = 1 + λ cos 2 θ, ρ 2 = r 2 + a 2 cos 2 θ.
Observe that g a = g + O(|a|) and ρ = r + O(a 2 ). Following [HiVa, Lemma 3 .4], we introduce for |a| small new coordinates t * := t − T (r), φ * := φ − Φ(r) with T, Φ smooth on (r −,a , r +,a ), such that the inverse metric reads near r ±,a
Herec ±,a = a r 2 +a 2 c ±,a and µ a c ±,a = r 2 µc ±,0 + O(a 2 ). The electromagnetic interaction generated by the charge and the rotation of the black hole is now encoded by the electromagnetic potential A a := Qr ρ 2 dt − a sin 2 θdφ in Boyer-Lindquist coordinates; it becomes in the new coordinates:
We write A a = A t * a (r, θ)dt * + A r a (r)dr + A φ * a (r, θ)dφ * and put R ′ a (r) = A r a (r). After a tedious computation, we see that the Fourier transformed operator associated to the gaugetransformed Klein-Gordon operator ρe iRa e iσt * ✚g a + m 2 e −iσt * e −iRa 1 ρ iŝ
where V a = ρ 2 r = V + O(a 2 ) and g t * t * a , g t * r a , g t * φ * a g rφ * a , g φ * φ * a are the coefficients of the inverse metric, smooth on Y and satisfying g t * t * a = −c 2 + O(a 2 ), g t * r a = −ν + O(a 2 ), g φ * φ * a = −r −2 sin −2 θ + O(a 2 ) and g t * φ * a , g rφ * a = O(|a|). Theorem 3.1 still holds for a sufficiently small that isP (σ, s, m, a) : X γ a →H γ−1 (Y ) is Fredholm of index 0. We consider in the followinĝ P (σ, s, m, a) restricted to Ker(∂ φ * ), i.e. we put ∂ φ * = 0 in the above expression. With this restriction X γ a becomes independent of a. The operator − 1 sin θ ∂ θ κ sin θ∂ θ can in this context be understood as the restriction of
to Ker(∂ φ * ) which is smooth. For s sufficiently small and m 2 ≤ c 0 |q| 2 we obtain using Theorem 3.2 the existence of σ(s, m) with Im σ(s, m) ≥ C 1 2 s 2 and Ker(P (σ(s, m), s, m, 0)) = {0}.
We now write a 2 = a 2 0 s 2 and observe that P ij (σ, s, m, a) =P ij (σ, s, m, 0) + s 2 O(a 2 0 ), ∀i, j ∈ {0, 1} uniformly in |σ − σ(s, m)| ≤ C 1 4 s 2 . In particular we havê P 00 (σ, s, m, a) =P 00 (σ, s, m, 0)(1 +P −1 00 (σ, s, m, 0)s 2 O(a 2 0 )). For a sufficiently smallP 00 (σ, s, m, a) is thus invertible and we havê P −1 00 (σ, s, m, a) =P −1 00 (σ, s, m, 0) + s 2 O(a 2 0 ) uniformly in |σ − σ(s, m)| ≤ C 1 4 s 2 . Putting all together we find P(σ, s, m, a) = P(σ, s, m, 0) + s 2 O(a 2 0 ) uniformly in |σ − σ(s, m)| ≤ C 1 4 s 2 . Then for s sufficiently small we have : |P(σ, s, m, 0)| ≥ C 2 s 2 , |P(σ, s, m, a) − P(σ, s, m, 0)| ≤ C 3 a 2 0 s 2 for some constants C 2 > 0, C 3 > 0. By choosing a 2 0 < C 2 C 3 we obtain by the Rouché theorem: Theorem 5.1. Fix M > 0 and Q such that 0 < |Q| < 3M 2 √ 2 . There exists Λ 0 > 0 such that for all Λ ∈ (0, Λ 0 ) there exists a constant c 0 (Λ) > 0 such that the following holds. Suppose m 2 ≤ c 0 (Λ)q 2 , a 2 ≤ c 0 (Λ)q 2 . Then for |q| > 0 sufficiently small, there exists σ ∈ C with Im σ ≥ c 1 q 2 > 0 such that KerP (σ, s, m, a) ∩ Ker(∂ φ * ) = {0}.
Remark 5.2. Let u ∈ KerP (σ, s, m) ∩ Ker(∂ φ * ) so that v(t * , r, θ) = e −iσt * e −iRa ρ u(r, θ) solves ✚g a + m 2 v = 0. Again H(v) = (∂ t * − iqA t * )v 2 + v 2H 1 is finite but exponentially growing in t * . Going back to the original coordinates and gauge, we find v(t, r, θ) = e −iσt e iσT (r) e −iR(r) r u(r, ω) = e −iσt w(r, θ) with w ∈ e (ǫ−Im σ)|T (r)| L 2 (r −,a , r +,a ) × S 2 , ̟ 2 µ a κ drdω , ̟ 2 = (r 2 + a 2 ) 2 κ − a 2 µ a sin 2 θ for all ǫ > 0 (notice that ̟ 2 > 0 if a 0 is small enough). Following [GGH] , we associate to this solution the energyĖ (v) = e 2(Im σ)t (σ + k)w 2 + (h 0 w, w) ,
where (., .) is the scalar product in L 2 (r −,a , r +,a ) × S 2 , ̟ 2 µaκ drdω and k = sV + a(µ a − (r 2 + a 2 )κ) ̟ 2 D φ + sV a sin 2 θ , h 0 = ρ 4 µ a κ ̟ 4 sin 2 θ (D φ + sV a sin 2 θ) 2 + µ a κ (1 + λ) 2 ̟ 2 D r µ a D r + µ a κ (1 + λ) 2 ̟ 2 sin θ D θ sin θD θ + ρ 2 µ a κ (1 + λ) 2 ̟ 2 m 2 .
Here we used the notation D • = −i∂ • . We have h 0 > 0 and thusĖ(v) > 0. Furthermore, this energy is finite for all t > 0 but it is exponentially growing.
